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An Equivalent Propellant Sloshing Model of Ellipsoid Cylindrical Tank
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Abstract: The propellant sloshing is a significant factor for the design of rocket structure and control
system. In order to solve the propellant sloshing problems in ellipsoid cylindrical tank, an equivalent
model is established based on the sloshing model of cylindrical tank. The equivalent modeling
criterions are proposed according to the sloshing characteristic parameters. And then the equivalent
formulas are deduced based on the ellipsoid cylindrical tank model and the criterions. The equivalent
model is verified through comparing with the test sloshing parameters. The results show that the
differences of sloshing parameters are less than 5%, so that the equivalent model can provide a
reference for the design of the rocket.

1. Introduction

The propellant tank is a fatal part of the liquid rocket, and is not merely used to store the liquid
propellant that accounts for about 90% of the launch weight, but the main bearing structure of the
liquid rocket. The propellant sloshing in the tank can seriously affects the reliability and stability of
the rocket. In 1969, the landing accuracy of the Apollo 11 is affected, because of the remaining
propellant caused an unexpected wobble[1]. In 1998, the mission to detect the asteroid was delayed
by 13 months, according to the coupling between the NEAR’s motion and the propellant sloshing[2].
In 2007, the second stage of Falcon 1 rocket went out of control in flight, and the sloshing of
propellant was blamed for the accident[3]. The propellant sloshing in the tank is widely studied by the
aerospace researchers, and achieved fruitful achievements[4][5]. However, the researches are mainly
focused on the simple structure tanks, because of the boundary conditions of these tanks can easily be
confirmed, such as the cylindrical tank[6], the rectangular tank[7] and the spherical tank[8].

In engineering applications, the ellipsoid cylindrical propellant tank is the main type tank to liquid
rocket. In this paper, an equivalent propellant sloshing model of ellipsoid cylindrical tank is
established to provide a reference for the design of rocket structure and control system.

2. Sloshing Model of Cylindrical Tank
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Fig. 1 The cylindrical tank model
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This chapter is to analysis the sloshing characteristics to provide the foundation to establish the
equivalent model. The propellant sloshing in cylindrical tank (Fig. 1) is widely studied by researchers,
and is one of the few sloshing problems with analytical solutions[9].

InFig. 1, R is the radius of cylindrical tank, h is the height of propellant in cylindrical tank, Oxyz
is the Cartesian coordinate, and Or@z is the cylindrical coordinate.

Based on the fluid field equations of tank, the Laplace equation and the boundary conditions can be
expressed as

VD=0 (1)
od/or=0 4 r=R @)
o®/o1=0 4 z7=-h 3)
The general solution of Eq.(1) subject to the boundary conditions Eq.(2) and Eq.(3) is
. cosh[ 4, (z+h)]

(4)

D(r,0,2,r)= ii[“mn (t)cosm@+ B, (t)sinmé |, (A,,r)

=~ cosh 4,.h

In Eq. 4, @ is the velocity potential function, o, and . are time dependent to be determined
from the free-surface initial conditions, m and n are the radial and circular modes, 4, =¢,,,/R are
the roots of 0, (4,,r)/ér =0 at r=R, J, (-) is the Bessel function. When R=1m, m and n take

different values respectively, the sample inherent mode of each model as shown in Fig. 2.
m=0,n=2 m=1,n=3 m=2,n=4
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Fig. 2 The sample inherent mode

If o, and g, is expressed as sinw,t, the inherent oscillation frequency of fluid free surface
can be obtained

o’ =g¢,, tanh(&,,h/R)/R (5)

Because tanh(¢&,,h/R) is a monotone increasing function in the range of (—oo,+), when
(&wmh/R) =3, tanh(&,,h/R)~1. Sowhen 4 h>3, Eq.5 can be expressed as

®’ =9¢,,/R (6)

The fluid surface elevation 7 measured from the undisturbed free surface is obtained

n= iz D [@m COSME + B, sinmO,, (A1) cosh (4,0 (@, COS@,,t) (7)
g m=0 n=1

Consider the cylindrical tank under sinusoidal excitation along the x axis

X (t)=X,sinQt (8)
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In Eq. 8, X, and Q are the excitation amplitude and frequency, respectively. The hydrodynamic
pressure p at any point due to propellant sloshing (neglecting the hydrostatic pressure pgh) can be
expressed as

(9)

> 2 h h)/R
pPXOQZCOSOCOSth{r—i- 2R Q 3, (&I /R) cosh| &, (z+h)/ ]}

n=1 (élzn _1) (a)lzn _Qz) Ji (gln) cosh glnh/R

where p is the density of propellant.

3. Equivalent Model of Ellipsoid Cylindrical Tank

According to Eq.4, Eq.5, Eq.7 and Eq.9, we know that the sloshing characteristics of propellant
have a considerable relationship with the tank radius R and the height of propellant h. As the
propellant height increases the relationship between the sloshing characteristic and the shape of tank
bottom becomes smaller and smaller. Hence, the tank radius is the most important factor to be
considered, and the next is the height of propellant.

In order to establish the equivalent propellant sloshing model of ellipsoid cylindrical tank, the
modeling criterions proposed in this paper are as follows

1) The free surface area of the propellant in the ellipsoid cylindrical tank is the same as that in the
cylindrical tank, so as to determine the equivalent radius.

2) The propellant volume in the ellipsoid cylindrical tank is the same as that in the cylindrical tank,
S0 as to determine the equivalent height of propellant.
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Fig. 3 The ellipsoid cylindrical tank model

In Fig. 3, a is the horizontal semi-axis of ellipsoid cylindrical tank, b, is the semi-axis of tank
bottom, b, is the vertical semi-axis of tank roof, h, is the height of propellant in ellipsoid cylindrical
tank, and h_ is the cylinder height of ellipsoid cylindrical tank.

According to Fig. 3, we can obtain the elliptic equation of tank bottom generatrix

x’/a®+2°/bf =1, —-a<x<a (10)
And the elliptic equation of tank roof generatrix is
x*[a?+(z-h )’ /bt =1, —a<x<a (11)

Using Eq. 10 and Eq. 11, the equivalent radius R, can be obtained

a\/th/bl_htz/blz OSht <b1
R, ={a b <h <b +h, (12)

aJ1-(h,—h,—b)’ /o, b+h <h <h +b +b,
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The propellant volume V in the ellipsoid cylindrical tank can be expressed as
27a’h, /3—7a? (b, —h)+ra?(b —h) /362 0<h <b

V =<2za’h,/3+7a’(h b)) b <h <b +h, (13)
7’| h, ~b,/3-(h ~h, ~b,)’ /307 | b +h, <h <h, +b +b,

Using Eq. 12 and Eq. 13, the equivalent height of propellant h, can be obtained

(3bh, —h?)/(6b, —3n,) 0<h <b
h,={h —b,/3 b, <h <b +h, (14)
[30h, ~bZb, ~(h,~h, ~b,)" | /[ 367 =3(h—h, -b)* | B+ <h <h +b+b,

Therefore, according to Eq. 12 and Eq. 14, the sloshing model of ellipsoid cylindrical tank can be
transformed into the sloshing model of an equivalent cylindrical tank.
For example, a certain ellipsoid cylindrical tank, b, =0.5m, b, =0.5m, h, =1m. Using Eq. 12 and

Eq. 14, the variations of equivalent radius and equivalent height of propellant can be obtained as
shown in Fig. 4.
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Fig. 4 Equivalent radius and equivalent height of propellant

Fig. 4 shows that, R, increases with the increase of a, and when 0<h, <b, R, increases with the
increase of h,, when b <h <b +h R, holds constant, and when b +h <h <h +b +b, R,
decreases with the increase of h,. The a has no effecton h,, and h, increases with the increase of h,,
especially when b, +h, <h, <h,+b, +b,, h, increases rapidly.

4. Equivalent Model Verification

In this paper, we take the test data of Ares 1 US LOX tank[10] for example to verify the equivalent
model. The parameters of the ellipsoid tank in the test are b, =0.99R, b, =0.57R, h, =0.71R, and
a=R.

According to the pendulum model of propellant sloshing, for a cylindrical tank the sloshing
frequency f, can be expressed as

fot \/1.8412 tanh (1.841£j (15)
R R

* 2r

where g is the acceleration of gravity.
And the sloshing mass m, can be expressed as
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m, =m
2.199h

tanh (1.841%) (16)

where m is the total propellant mass.
Using the Eq. 12, Eq. 14, Eqg. 15 and Eq. 16. The sloshing frequency and sloshing mass can be
obtained, as shown in Table 1.

Table 1 The equivalent and test sloshing frequency

h/R h./R, 27\ R/ g f 27\ R/ g 1, Mg, /m my/m
0.769 0.478 1.140 1.160 0.672 0.701
0.966 0.637 1.232 1.240 0.589 0.562
1.180 0.850 1.299 1.300 0.490 0.512
1.320 0.990 1.322 1.330 0.436 0.439
1.470 1.140 1.337 1.340 0.387 0.389
1.670 1.340 1.347 1.350 0.335(0.3345) 0.335
1.770 1.473 1.351 1.390 0.306 0.292

In Table 1, f, is the equivalent sloshing frequency, f, is the test sloshing frequency, m, is the
equivalent sloshing mass, and m, is the test sloshing mass.

Hence, according to the results as shown in Table 1. The differences of the sloshing frequency and
sloshing mass can be obtained, as shown in Fig. 5.
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Fig. 5 The difference of sloshing frequency and sloshing mass
Fig. 5 shows that, in general the difference of sloshing mass is less than 5%. And the differences of

sloshing frequency is less than 3%, especially when b, <h, <b +h, the difference of sloshing

frequency are less than 1%. The differences of sloshing frequency and sloshing mass trend to
decrease and then increase with the increase of h /R.

5. Summary

This paper established an equivalent propellant sloshing model of ellipsoid cylindrical tank based
on the sloshing model of cylindrical tank. And the effectiveness of equivalent propellant sloshing
model is verified through comparing with the test sloshing frequency and sloshing mass of an
ellipsoid cylindrical tank. The results shows that, the differences of sloshing frequency and sloshing
mass are less than 5% in general, and when b, <h, <b, +h the difference of frequency is less than 1%.

Therefore, in engineering application the equivalent propellant tank can provide a reference for the
design of rocket structure and control system.
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